Within standard quantum field theory we establish relations which operators conjugate to the energymomentum operator of the theory would have. They thus can be understood as representing the effect of coordinate operators. The non-trivial commutation relations we derive constitute natural symplectic structures in the theory. The example which is based on the energy-momentum tensor of the theory is constructed to all orders of perturbation theory. The reference theory is massless φ 4 . The extension to other theories is indicated.
Introduction
Space and time will, at extremely short distances, require new notions in both mathematical description and physical content. A simple physical argument for this is based on the uncertainty principle which says that black holes can be formed thus leading to a horizon and other consequences when precision in time is high enough [1] . As a step into this direction one may understand the introduction of Moyal products in otherwise rather conventional flat spacetime quantum field theory. They arise when the coordinates q are being considered as Hermitian operators Q which satisfy simple commutation relations like A typical interaction reads then (2) S int = g d 4 
x φ(x) * φ(x) * φ(x).
In Euclidean spacetime one gets rid of this coordinate operators by taking a trace. In Minkowski spacetime quantum fields are understood as tensor products of coordinate operator space with ordinary Fock space and one need not take traces [2] [3] [4] [5] [6] . Such constructions are certainly well founded mathematically since they can be interpreted as spectral triples in the sense of Connes [7] . 1 It is however a natural question if not already within the realm of any given quantum field theory there exist coordinate and momentum operators which are conjugate to each other in the naive and well-known fashion of quantum mechanics and to base on their algebra a symplectic structure. Within quantum mechanics a time operator has been constructed by Brunetti and Fredenhagen [8] , in quantum field theory in two dimensions a coordinate operator has been studied by Pinamonti [9] , so this question has not only partly been asked but also answered to a certain extent.
In the present paper we study such conjugate pairs and construct one of them to all orders of perturbation theory. A disclaimer is in order. The coordinate operators we shall present below are certainly not operators in the strict mathematical sense. They are, at the very best, bilinear forms. They are not defined on the whole Hilbert space but at most on the orthogonal complement of the vacuum in the Fock space of the theory. The relations we really need and use exist when inserted into Green functions. The actual treatment has been taken over from those of symmetries represented as Ward identity operators on Green functions. Hence the implicit assumption made throughout the paper is that sufficiently many matrix elements of the "operators" in question exist as to yield interesting and useful information. We use however the word "operator" and write relations as relations between them.
Free theory
For simplicity we work with the quantum field theory of one scalar field in four dimensions and defer other models to the discussion section. The Fock space of the free field
with k 0 = ω k ≡ √ k 2 + m 2 and a † , a being the creation respectively annihilation operators, is our Hilbert space which is the state space of the theory. In terms of φ and its time derivative a(k) is given by
and is x 0 independent. Less often used in the literature is its derivative
which depends explicitly on x 0 . (Analogously for a † (k).) The operators a, a † satisfy the standard commutation relations
The unbounded operator
represents the energy-momentum operator of the system. We search for an operator Q ν such that
It would be canonically conjugate to P μ and therefore called coordinate operator.
Since it must also be a function of a † , a and P μ is bilinear it is hard to see how it could ever be a local function. We are therefore led to look for a "pre"-conjugate X ν satisfying
where O commutes with P and the looked for Q can be defined by "dividing" X through O.
Example X(N)
Let us define
as preconjugate coordinate operators. The indices j run from 1 to 3, the argument N refers to the number operator
and gets its meaning by looking at the commutation relations
It is to be noted that some of them depend explicitly on x 0 via the derivatives on the creation and annihilation operators. Within Fock space this dependence is nothing worrysome: x 0 is just a c-number. These relations allow for the definition of coordinate operators Q as
since N commutes with P . The square roots render Q μ symmetric under Hermitian conjugation. (Finally the notation X(N) is justified.)
We see however that we do not quite meet the content formulated in Eq. (6): P 0 does not commute with Q l and P l does not commute with Q 0 ! Nevertheless we arrived at a non-trivial symplectic structure. Which one this is will be decided by the remaining commutators of X with X. In the massless case they are simple:
hence also the Q's commute amongst themselves
It is interesting to observe that the massive version of the theory does not allow for obviously reasonable commutators. It will therefore be discussed at the very end of the paper.
A comment is in order concerning the use of N
Clearly N is not invertible on the entire Fock space, since it yields zero on the vacuum. Hence the domain of N − 1 2 is the orthogonal complement of the vacuum in Fock space. Similarly one has to study the action of the X's on the Fock space in order to understand the Q's i.e. in which sense they can be interpreted physicswise as coordinate operators. This will be done in detail below. At the moment we conclude that in the free theory there exist operators Q μ , μ = 0, 1, 2, 3 which can be understood as being conjugate to P μ , μ = 0, 1, 2, 3 (same values for each μ) and generate a non-trivial symplectic structure.
Example X(H )
When looking at the x 0 dependence of the operators X one finds that they depend in a rather complicated fashion of it. At first sight this might seem disturbing hence one tries to do better. Similarly when translating the operators X into field space one does not find local expressions in terms of fields but only in terms of positive and negative frequency parts which does not allow for an easy treatment of higher orders. In order to remedy these properties one tries the choice
for the preconjugate coordinate operators (j = 1, 2, 3). The equal time commutation relations of momenta and preconjugate coordinates (j = 1, 2, 3) now read (Wick ordering is tacitly assumed)
For the spatial X's we find as commutation relations
They allow for the definition of coordinate operators Q j as
It is worth noticing that these variables Q j (H ) and their commutators with H have already been given in [10, Section 5.3] .
As for X 0 one has at least the following two possibilities: one may define in analogy to (20)
(with just another explicit occurrence of x 0 ) and then finds
hence no conjugate variable to P 0 ; with the commutation relation
As a second possibility one defines in analogy to X 0 (N )
and obtains
Hence one can define a Q 0 conjugate to P 0 by
The remaining commutators of the X's read
Similarly to the example Q(N ) the Q(H ) here will be defined on the orthogonal complement of the vacuum in Fock space. The most important change from X(N) to X(H ) is the fact that the operators X j can be expressed as (integrated) local expressions in the field φ. (Only X 0 of (28) can also be expressed in local terms of the field.) This would allow in principle the extension to higher orders. The other new feature is the change in the commutations rules of the X's with themselves: they are now non-vanishing. Hence the commutators of the Q's also will not vanish and the symplectic structure has changed accordingly. We shall not go into further details here.
Example X(T )
Up to now we have not worried about Lorentz invariance but were pleased by the fact that we found at all operators Q conjugate to P . A glance at the definition of X μ (H ) where a fourvector multiplies the 00 component of a tensor suggests however that we could easily improve on this by defining
where T is the energy-momentum tensor. (Clearly this looks still not manifestly covariant but this is due to sticking to the canonical formalism which is nevertheless in accordance with Lorentz invariance.) If we furthermore choose for T its improved version [11] then X is identified with the space integral of the dilatation current and its component μ = 0 is a charge. We expect quite a few deep consequences of this fact. In particular explicitly occurring x 0 's can now be justified: they appear as they do e.g. in charges for Lorentz transformations. The off-shell improved energy-momentum tensor for the massless φ 4 model can be found in [12] and reads in the tree approximation as follows
It is obviously symmetric, has vanishing trace when inserted into Green functions and is conserved. When calculating expressions like X or the equal-time commutation relations of P 's and X's we work on mass shell which means using
In the integrals over three-space we also neglect total space derivatives of the field, hence equivalent results may nevertheless look differently in terms of the field φ. Thus, it turned out to be most convenient to express the looked for commutation relations in terms of the energy-momentum tensor, its x-moments and time derivative. This is also reasonable in view of generalizations to higher orders and to other models. Explicitly they are given by
Here M denotes components of the current for Lorentz transformations which for the improved energy-momentum tensor can also be written as x-moment of it
Let us observe that most of the commutators involve charges, thus can be expected to hold true independently of the dynamics and to be derivable also from Ward identities. Those of the spatial X's with themselves do not: they will depend from the dynamics of the theory and have to be derived in higher orders in another way.
In accordance with the examples before we would like to define Q's such that
(no sum over j ) is alright in a first step, since P 0 commutes with itself and Ψ jj commutes with P j . In a second step we should however have a closer look at the action of the X's and of Ψ jj on Fock space. In terms of the field φ we have
and one checks immediately that X 0 ≡ D generates the correct dilatation transformation on φ via the equal time commutator as it should. In terms of creation and annihilation operators we find
For X j we have actually used the expression
The terms involving the x 0 depending exponentials and not being of type a † a might look strange at first sight but they are indeed necessary e.g. for reproducing the correct transformation law with respect to dilatations, where explicit x 0 dependence occurs. Obviously X 0 does not annihilate the vacuum, but its vacuum expectation value vanishes. When acting on an n-particle state in Fock space X 0 yields x 0 times total energy of this state plus states neighbouring in energy, plus states with two particle more and two particles less. Forming Q 0 one has to divide by the square root of the total energy which is certainly possible for all states but the vacuum. Hence Q 0 seems to be well defined and yields on the n-particle states x 0 as value-indeed a time coordinate.
Similarly X j applied to an n-particle state reproduces this state with total momentum in direction j times x 0 , but also produces states neighbouring in momentum plus states with two more and two less particles. The action of Ψ j 0 j 0 on an n-particle state is given by
(+ states with two more and two less particles). Although a given specific component j 0 might vanish for one value j 0 ∈ {1, 2, 3} it cannot vanish for all components since their sum is related via the vanishing trace of T impr to the zeroth component. The same being true for the sum over the momenta components on the right-hand side of (57) the square root of Ψ jj is invertible on the orthogonal complement of the vacuum in Fock space. The result for Q j on n-particle states is thus also a coordinate.
Comparison of the examples
The discussion of the last subsection clearly indicates that in the examples Q(N ) and Q(H ) too the outcome of their action on Fock states will be coordinate like. The symplectic structures generated by all three examples will however differ. The Q(N )'s commute with each other, the others do not. Looking at the final conjugation relation
this is no surprise. It is e.g. compatible with Lorentz covariance but does not enforce it. Hence we should not expect any type of universality in the results for the commutation relations.
As an interesting side remark we note that
holds as a consequence of the tracelessness of T impr .
Use of Q(T )
In the last section we have constructed operators Q μ which are conjugate to the momentum operators P μ . Their eigenvalues on states in Fock space should resemble coordinates. We now define several examples of generalized quantum fields by utilizing exponentials of Q. Here, of course the caveat of the end of the introduction is very important. We assume them to exist, but do not prove it. We are thinking in analogy to Ward identity operators which can be repeated infinitely often.
As first example of generalized quantum field we introduce Φ by
with which we may formulate interactions and calculate their properties by studying transition elements in Fock space. This example shows clearly that Q can be considered as inducing a kind of deformation of the ordinary underlying theory which is here still the free theory of φ, whereas Φ is an interacting field. This last point is even clearer in the following, the second example
where Φ originates by a Bogoliubov transformation from the original free field. Since this transformation is formally unitary, but non-linear and non-local, the field Φ is an interacting field. This is in line with the action of the X's and the needed inverses studied before because the exponentials involving Q potentially relate all states in Fock space with each other. Many other versions of such extended fields may be defined, of course. The properties of all these different Φ's may in principle be calculated. Looking e.g. at the commutator of Φ from Eq. (61) with P μ we find
(Here we called 'homogeneous' such terms where operators arising as a consequence of (47) multiply the exponentials, whereas the explicitly written terms would be called 'inhomogeneous'.) Due to the inhomogeneous terms we may interpret this equality as providing a derivative of the field Φ(x, Q). Applying P a second time we get
since k 2 = 0. It is now tempting to speculate that
can be realized non-trivially on Fock space: The inhomogeneous contribution which vanished can be related to the original free field equation and the action of the free field on the vacuum and on one-particle states whereas the homogeneous contributions may be interpreted as mixing potentially all states of Fock space. For reasons of clarity and simplicity let us choose
One should recall here that the Q's still depend on x 0 which enters as a spectral parameter. With this field one might push the speculation further and conjecture that even an equation such as
may have solutions when operating on Fock space. In the interaction term the non-commutative structure of the commutation relations of the Q's would play a decisive role and resemble a star product. Such equations may even be derivable from an action
where dμ(Q) denotes the spectral measure of Q and the integrations in dμ(Q) run over all four components. An action principle could be installed by exploiting translation invariance with respect to Q: If infinitesimal translations of the field Φ(Q) are given by
then the action S varies by
Hence there is an energy-momentum tensor
which is conserved
if and only if (67) holds true (when applied to Fock space). Yet another speculation may be suggested by the commutator of P with Φ
The inhomogeneous term represents an 'ordinary' derivative whereas the homogeneous ones may be understood as a kind of covariant generalization of it, i.e. play the role of a kind of Christoffel symbols and P would describe generalized translations. These homogeneous terms would thus also carry information about the type of space which is implicitly defined here. Interaction terms of this field Φ would say something about its non-commutative structure.
Interacting theory: Tree approximation
We envisage now switching on interactions of the basic field φ and constructing all the ingredients which we have obtained in the free theory via canonical commutation relations. We first derive equations for Green functions with insertions and then eventually go over to operator equations by use of the Lehmann-Symanzik-Zimmermann reduction formulas. In the tree approximation all derivations should be possible in a rather direct fashion since no divergences occur. The explicit results should then teach us how to proceed in higher orders.
Vertex functions
On vertex functions charges are realized by Ward identity (WI) operators
where translations, Lorentz transformations and dilatations are the ones we need (a, ω, ε denote infinitesimal parameters). The algebra of the charges is realized by the algebra of the WI operators. The respective invariance is expressed as 
In the tree approximation the currents are indeed conserved
for the improved energy-momentum tensor given in (37), which does not change in form as compared with the free theory due to its special off-shell construction. The transformation properties of the currents with respect to translations, Lorentz transformations and dilatations follow by applying the WI operators to them.
General Green functions
In order to derive operator equations one has first to go over to connected Green functions by Legendre transformation
and then to general Green functions by
The current conservation equations go over into
Here the WI operators (81) are translated to general Green functions and the square brackets on the right-hand side indicate that their content appears as vertex once inserted into the Green function. By differentiating with respect to a general string of sources j (x 1 ), . . . , j (x n ), multiplying with inverse propagators and going on the mass shell we obtain the operator equations
Similarly, when differentiating with respect to j (y)j (x 1 ), . . . , j (x n ) and then reducing with respect to x 1 , . . . , x n we get e.g.
Integrating over three space and the time interval (x 0 − ε, x 0 + ε) we find the desired transformation law for the field operators
Looking at this derivation it is clear that the local WI's (92) are not sufficient to yield commutators of charges or of currents with themselves. We need Green functions into which vertices are multiply inserted.
Green functions with multiple insertions
For the φ 4 model this problem has been dealt with in [12, 13] . In a first step one introduces an external field h μν coupled to the energy-momentum tensor and constructs the respective perturbation series. Here g μν = η μν + h μν turns out to be the gravitational field, i.e. one studies quantum field theory on curved spacetime. In the tree approximation this is straightforward. The respective invariant action has the form (see [12] )
where
R is the curvature scalar and c = 1 6 + o(λ) a coefficient which is later fixed to be a unique power series of the coupling λ. In higher orders one has to overcome some technical difficulties which suggest as a second step to render the coupling local, i.e. to extend it to an external field too. The functionals Γ , Z c , Z become power series in the number of loops, the field h and the local coupling λ. In the tree approximation the local translations including the local coupling and the respective conservation equation read
The external field h is introduced in such a way that a local WI is built up
It expresses the invariance of Γ (102) under general coordinate transformations.
Since only propagating fields behave non-trivially under Legendre transformation one may easily translate this WI to general Green functions by Legendre transforming just the field φ.
It expresses the invariance of Z under diffeomorphisms.
The double derivative of Z with respect to h defines the double insertion of the energymomentum tensor into Green functions. Hence one derivative applied to the WI (109) yields the variation of one insertion with respect to diffeomorphisms, the local translations. The steps of verification are the same as before for the elementary field: n-fold differentiation with respect to sources j , amputating and putting these legs on-shell, integrating over a suitable infinitesimal time interval yields
I.e. the energy-momentum tensor operator transforms as an elementary field under translations. Integrating (112) over space for the values κ = 0, τ = ν, say, we obtain
Taking a y-moment of (112) and integrating over space for κ = 0
follows. The last equation holds since the additional terms in P μ also transform properly under the dilatations (X 0 ≡ D). Quite analogously follows
Choosing a μ = ε(x)x μ and differentiating the WI (109) with respect to ε(x) we find in a first step amputated on-shell
Since the trace of the energy-momentum tensor (37) vanishes we finally obtain
κτ (y), the correct transformation law of the energy-momentum tensor operator under dilatations. By taking a space integrated moment we generate X op κ on the left-hand side, hence
Our operator X 0 was indeed D op , so we only have to check, that (118) reproduces (44). This is indeed the case. It paid off here, that we expressed the commutation relations from the start in terms of the energy-momentum tensor which changes in content by terms 2φ when going from the free theory to the tree approximation interacting theory, but does not change in form.
When deriving the remaining commutator [X j , X l ] we cannot rely on a WI since the X's are both spatial components of a current and hence neither is a charge. Since in the tree approximation the singularities are not worse than in the free approximation we can calculate the respective commutation relation still in a naive way. Again, the term 2φ contributes either non-trivially, this is the needed change to obtain the tree energy-momentum tensor on the right-hand side, or yields zero since the commutator function Δ(x) vanishes at x 0 = 0. Hence, when expressed in terms of the energy-momentum operator the commutator [X j , X l ] also does not change when going to the interacting theory in tree approximation.
One obtains lim
Here
2 and the definitions in the limit of constant λ
Via Weyl invariance and respective consistency conditions one can then derive an expression for the trace of the energy-momentum tensor
and the coefficients
By absorbing the anomalous dimension of the elementary field φ and the β-function as the "anomalous dimension" of the external field λ into the local translation WI operator one defines a traceless energy-momentum tensor Θ μν
The moment construction yields for the dilatations
We observe that with the help of the local coupling λ one can represent the broken dilatations in homogeneous form: the insertions generated by the derivatives with respect to λ generate in a sense non-linear field transformations such that a formally unbroken symmetry results. The fact, that this is even possible by the moment construction shows that the conformal algebra is maintained.
Application to X(T )
Since the auxiliary mass term
is invariant under diffeomorphisms the WI (109) holds to all orders. Hence Eq. (112) also holds to all orders. The energy-momentum tensor operator transforms to all orders like an elementary field under translations
By integration, exactly like in the tree approximation, follows the vanishing commutator
Taking a y-moment of (144) and integrating over space we obtain
In the same manner follows
We also obtain
Here X μ , hence D = X 0 , is defined as the moment of the complete T μν up to the given loop order. But now the trace of the energy-momentum tensor no longer vanishes, i.e. the variation of the mass term (142) contributes and we have to use an expression which follows from (130) for the double trace insertion when continuing the analysis. Separating the trace by defining the traceless Θ μν through (148)
X 0 (T ) becomes X 0 (Θ) and (147) changes into
Similarly (117) changes into
Forming the desired moment we arrive at
The first term on the r.h.s. gives rise to
a contribution in the old form as present in (44), i.e. to terms of the old algebra. The trace contributions are given by
They consist of two types: one is parametrized by the β-and γ -functions of the elementary theory, they represent the expected anomalous behaviour of the dilatations; the other one originates from a new anomaly which shows up as soon as a double insertion is needed. Upon inserting the reduction solution for 1 + z − 6ĉ it is parametrized by the Zimmermann coefficient v (n) k in (129), the Zimmermann identity.
When amputating and going on-shell the terms containing γ vanish. Similarly, the double insertion terms drop out after performing the time integration over the infinitesimal interval (y 0 = x 0 − ε, y 0 = x 0 + ε) and then time ordering. (This is in accordance with a calculation via retarded products. For exposition and application of this approach see [14] [15] [16] .) Hence eventually only the quasilocal single insertions contribute. Again, therein the contribution going with β is expectedwhere φ op is the interacting field of the φ 4 -theory. Since in a perturbative expansion the latter starts with the free field the first term in such an expansion of (160) is the field given by (66). It would then be an interesting question whether the field Φ(Q) defined by (160) coincides with the solution of (67) when inserting there Φ(Q) of (66).
Since φ op transforms covariantly under translations we certainly have an analogue of (73), namely
with the respective interpretation: the inhomogeneous term represents an ordinary derivative, whereas the homogeneous ones may be like Christoffel symbols carrying information about the space implicitly defined by Q-transformation. Clearly, the Q's reveal their coordinate properties only when applied to Fock space. Interactions of the field Φ(Q) of (160) may or may not be definable. Since one started here already from an interacting field φ op it might not be natural to put another interaction on top of it.
Discussion and conclusions
Before actually putting into perspective the results obtained above two technical comments are in order.
The underlying model is massless φ 4 in perturbation theory. At several occasions we obtained operator relations by LSZ reduction. At first sight this seems to be completely formal and not legitimate due to the on-shell infrared divergences of the theory. It has however been observed by Zimmermann [17] that first of all the model indeed may describe a massless particle since the two-point function has a pole-like singularity at zero momentum together with a cut beginning there. Hence an S-matrix may very well exist. Operator relations one aims at may, of course also be derived by using other suitable states than asymptotic ones. In our context we were led to operator relations via relations of Green functions which exist, hence such state configurations are also very likely to exist. Another gratifying point is the actual use we make of the operators in question: our Q's appear eventually as unitaries (e ikQ ), which have much better chances to exist than the Q's themselves.
The second comment concerns the massive theory: how could we generalize our derivation to include a mass? A mass term contributes to the trace hence fits into the scheme presented above only at the very last stage. Like the dilatation (quantum) anomalies it may be taken into account there by inserting infinitely often a soft mass term. This will certainly not be possible in all types of theories: it could e.g. be in conflict with spontaneous symmetry breaking. But like in QCD where current quark masses can usually be related to pole masses it is expected to work in models without constraints on the masses. It is nevertheless interesting in itself that a mass enters like an anomaly. This fits to the well-known fact, that the spectrum of P 0 consists of zero and a continuum starting there, if dilatations are assumed to be strictly realized [18] . If the Q's indeed represent coordinates then this would say that non-zero masses are related to changes in spacetime as opposed to the massless case.
The aim of the present paper was the construction of operators Q μ conjugate to the energymomentum operators P μ of the theory. The Q's are then natural candidates for coordinate operators of the quantum field theory in question, here massless φ 4 . We gave three examples which were, respectively, based on the number operator N , see (17) , the energy operator H , see (27), (34) and the energy-momentum tensor T μν , see (157), (158). It is common to all of them that they are not defined on the entire Fock space, but only on the orthogonal complement of the vacuum. They generate different symplectic structures as given by their commutation relations, respectively (13)-(16), (23), (35), (154), (155). Since the example X(T ) is based on the energy-momentum tensor which is a well-studied object we could construct Q(T ) essentially to all orders of perturbation theory. In this context it proved helpful that X(T ) has Lorentz covariance which can then be assumed for Q(T ) too. The algebraic relations eventually defining the symplectic structure are modified (beginning in one loop) by the β-function of the underlying theory, but also by a Zimmermann coefficient which appears since double insertions of the energy-momentum tensor are needed for establishing the desired commutation relations. In any case only a part of these relations originates from charges, hence could be independent of the actual dynamics of the theory; the commutators [X j , X l ] are no charges, i.e. depend on the dynamics. Hence the current symplectic structure is a dynamical issue for the theory. So is the "spacetime" which can be associated with the coordinates Q μ . Its characteristics may also be read off from the commutator of P μ with fields Φ(Q) which can be defined in a variety of ways.
It is obvious that different structures can be built up within the model all asking for interpretation and use.
Since our construction is essentially based on the energy-momentum tensor the extension to other theories seems to be rather straightforward. In particular supersymmetric theories may be very interesting because there the energy-momentum tensor is member of a susy multiplet, the supercurrent, which should give rise to additional relations.
We would like to remind the reader of the disclaimer in the introduction. Many questions are left open in the above presentation: in particular the precise mathematical meaning of the "operators" Q, domain problems and the like. Nevertheless we claim that within a given quantum field theory objects exist which need not be operators but give rise to matrix elements in Fock space interpretable as coordinates and structures which can be understood as a spacetime based on quantum theory. And, we claim that we described some of them above.
